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Degeneracy and Inversion of Band Structure for Wigner Crystals on a Toroidal Helix
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We explore the formation of Wigner crystals for charged particles on a toroidal helix. Focusing on
certain commensurate cases we show that the ground state undergoes a pitchfork bifurcation from
the totally symmetric polygonic to a zig-zag-like configuration with increasing radius of the helix.
Remarkably, we find that for a specific value of the helix radius, below the bifurcation point, the
vibrational frequency spectrum collapses to a single frequency. This allows for an essentially inde-
pendent small-amplitude motion of the individual particles and consequently localized excitations
can propagate in time without significant spreading. Increasing the radius beyond the degeneracy
point, the band structure is inverted, with the out-of-phase oscillation mode becoming lower in
frequency than the mode corresponding to the center of mass motion.
PACS numbers: 37.10.Ty, 37.90.+j, 61.50.-f, 63.20.D-
Introduction At low temperatures and densities
trapped charged particles tend to arrange in the so-called
Wigner crystal [1]. Such crystalline structures are stud-
ied extensively due to their applications in spectroscopy
[2, 3] and their connection with realizations of quan-
tum simulators [4, 5] and quantum information proces-
sors [6, 7]. When the trapping potential is harmonic, as
approximately true for Penning [8] or Paul traps [9], suc-
cessive structural phase transitions occur while increas-
ing the dimensionality of the system controlled by the
transverse trapping frequency. In particular, the system
undergoes a transition from a linear string configuration
to a planar zig-zag and finally to a three dimensional (3D)
helical structure [10, 11]. A type of linear to zig-zag tran-
sition has also been identified for ions trapped in octupole
traps [12, 13]. The features of such transitions have been
explored in detail [13–16] since they constitute prototyp-
ical examples for the behaviour of condensed matter sys-
tems.
On the other hand, recent advances in nanofabrication
have allowed the construction of nanotubes with curved
geometries such as rolls, spirals and helices [17, 18].
Helical traps have also been developed experimentally
for ultra-cold neutral atoms using counter-propagating
Laguerre-Gaussian beams [19, 20] or the evanescent field
of a nanofiber [21, 22]. Studying the helical geometry
is of fundamental importance since it constitutes a prin-
cipal feature of structures commonly appearing in na-
ture, with prominent examples being amino-acids and
the DNA molecule. Constraining interacting particles to
such a geometry gives rise to intriguing effects. For dipo-
lar particles a peculiar quantum phase transition from
liquid to gas [23] and the formation of crystalline chains
[24] are predicted. Identical charged particles on a he-
lix are exposed to an effective oscillatory force leading to
multiple classical bound states [25–27] despite the purely
repulsive interaction in three dimensions.
Here we investigate the structure and dynamics of
Wigner crystals confined on a toroidal helix. Such a
system, owing to its intricate geometry, has the pecu-
liar feature of a ‘mixed dimensionality’: The classical
particle motion is constrained to the 1D confining mani-
fold whereas interactions take place through the 3D sur-
rounding space [26]. We find that tuning the geometry
induces a zig-zag-like transition, although the single par-
ticle configuration space remains strictly 1D. Due to the
1D constraint that restricts the allowed excitations, this
transition is accompanied by an unconventional deforma-
tion of the corresponding dispersion relation: For finite
systems, there is a regime of inverted dispersion, with the
out-of-phase mode being lowest in frequency. Even more
surprisingly, the transition passes through a stage where
the complete linearization spectrum is essentially degen-
erate, such that any low amplitude mode is an eigen-
mode of the system. Notably, localized excitations do
not transfer energy into the rest of the chain.
Toroidal helix We consider a system of N identical
charged particles interacting via the repulsive Coulomb
interaction and confined to move on a 1D toroidal helix,
parametrized as
r(u) =

(R+ r cos(u)) cos(au)(R+ r cos(u)) sin(au)
r sin(u)

 , u ∈ [0, 2Mpi], (1)
with R the major radius of the torus, r the radius of
the helix (minor radius of the torus) and h the he-
lix pitch. The parameter a = 1
M
is the inverse num-
ber of windings M = 2piR
h
(see Fig.1 (a)). The effec-
tive Coulomb potential resulting from the confinement is
given by V (u1, u2, . . . uN ) =
1
2
∑N
i,j=1,i6=j
λ
|r(ui)−r(uj)| .
We perform a scaling transformation [27] resulting in
the coupling constant λ and the particle mass being
set to 1 in the following, while the helix pitch is fixed
at h = pi/2. Note that the center of mass (CM) de-
2gree of freedom is coupled to the relative coordinates
∆i = ui+1 − ui for r 6= 0 since the confining manifold
is not a homogeneous helix [27]. For r = 0, on the other
hand, one recovers the confinement on a ring with ra-
dius R where CM separation holds. In this ring limit,
there is a single stable ground state, namely the totally
symmetric polygonic configuration. In contrast, the po-
tential landscape of charged particles confined on helical
manifolds is very complex allowing for a large number of
stable states for given parameters [26, 27].
Here, we focus on the low energy crystalline configu-
rations and their equilibrium properties for systems with
an even number of particles N which divides the num-
ber of windings M , i.e. M = nN with n = 1, 2, . . .
and ν = 1/n ≤ 1 the filling factor. Then, the polygo-
nic configuration u
(0)
j = 2 (j − 1)pin of the ring persists
as a (stable or unstable) equilibrium configuration for all
values of r with the charges being located equidistantly,
∆
(0)
j = 2pin, at the outer circle of the toroidal helix (Fig.1
(a)). However, for sufficiently large N (e.g. N > 4 for
ν = 12 ) this configuration loses its stability at a finite
r = rcr and undergoes a pitchfork bifurcation leading
through symmetry breaking to a zig-zag-like configura-
tion (Fig.1 (b)) in which successive particles move in pairs
to positive and negative values of the z-coordinate of the
vector r (Eq. (1)). For a fixed filling factor, here ν = 12 ,
the bifurcation point rcr shifts to lower values of r with
increasing N (thus also increasing M), tending to a fi-
nite value r∞ (Fig. 1 (c) (inset)) in this thermodynamic
limit, with a rather slow convergence rate. Surprisingly,
it turns out that the value of r∞ depends only on the
pitch of the helix h, namely r∞ = h√2pi in physical units
(or r∞ = 12√2 in our dimensionless units), independently
of ν.
Following the stable branch of solutions, we calcu-
late the spectrum of vibrational modes in the harmonic
approximation (Fig.1 (c)). Intriguingly, in the regime
r < rcr (where the stable configuration is still symmet-
ric) this spectrum exhibits a crossing point rd where all
modes are very close to degenerate. The value rd also
depends on the size of the system, decreasing for large
N and tending to r∞ in the thermodynamic limit (Fig.
1 (c) (inset)), but much faster than rcr does. Thus, for
finite systems an interval rd < r < rcr always exists. In
this region the spectrum is inverted, and finally the low-
est eigenvalue crosses zero at rcr, rendering the symmetric
configuration unstable and leading to the observed pitch-
fork bifurcation (Fig. 1 (b)). For r > rcr two branches
of frequencies separated by a gap are created, as a result
of the new emergent solutions possessing a doubled unit
cell, whose deformation continues with increasing r.
Vibrational analysis Let us now return to the frequency
spectrum of the symmetric, polygonic configuration for
r < rd. This being a Wigner crystal with a one-particle
unit cell, the corresponding dispersion relation consists
FIG. 1. (color online). (a) Equidistant configuration of ions
confined on the toroidal helix for ν = 1
2
and N = 6. (b)
Equilibrium displacements of particles in stationary configu-
rations as a function of the helix radius r for filling ν = 1
2
and
different numbers of particles: (A) N = 30, (B) N = 60, (C)
N = 120. All values of ∆i −∆
(0)
i
are plotted on top of each
other: For the polygonic configuration, all nearest-neighbor
interparticle distances are identical, ∆i = ∆
(0)
i
for all i, while
in the zig-zag-like configuration precisely two different dis-
tances are found, see the insets. The vertical lines indicate
rcr for N = 60 and the limiting value r∞ of rcr in the ther-
modynamic limit. (c) Linearization spectrum as a function of
r of the stable solution (polygonic for r < rcr, zig-zag-like for
r > rcr) for N = 60. Degeneracy of all vibrational modes is
observed at rd. The inset depicts how rcr and rd converge to
a common value r∞ in the thermodynamic limit.
of a single branch. For its evaluation, we introduce the
arc length parametrization in which the kinetic energy
and Euler-Lagrange equations assume the standard form
[27]. The dispersion relation then reads
ω2(k) =
1
a2((R + r)2 + r2)
N∑
l=1
H1,l exp
(−ik(l− 1)∆s
N
)
,
(2)
with the Hessian at the equilibrium configuration Hi,j =
∂2V
∂ui∂uj
∣∣
{u(0)
j
} (we can fix one of its indices for symme-
try reasons). The prefactor in Eq. (2) results from
transforming to the arc length s, ∆s denotes the arc
length inter-particle distance of the symmetric solution
and k = 2pim
N∆s , (m = 0,±1, . . .± N2 ) is the wave number
of the corresponding excitation.
Results for ω(k) for different values of r are shown in
Fig. 2. For r = 0 (Fig. 2 (b)) the long wavelength
3limit k → 0, corresponding to identical displacements
of all particles (CM mode (Fig. 2 (a)) has a vanishing
frequency ω → 0 which follows a linear law ω = vsk (with
vs the sound velocity), resulting from the decoupling of
the CM from the relative motion for the ring geometry.
As the helix radius r increases, the spectrum at small
k becomes smoother leading to deviations from the linear
expression and a gap opens at k = 0 (Fig. 2 (c)) due to
the coupling of the CM to the relative motion for r > 0.
This gap increases with increasing r, while the overall
width of the spectrum decreases. At a critical point rd
(Fig. 2 (d)) the spectrum is essentially flat as we have
already seen in Fig. 1 (c). A zoom at this point (Fig. 2
(d) (inset)) reveals that the degeneracy is very close to,
but not complete. To locate the near-degeneracy point
rd analytically, we go back to Eq. (2). Complete degen-
eracy would imply that all off-diagonal elements of the
Hessian Hi,j , i 6= j, vanish (the diagonal elements are
always identical by symmetry). Focusing on the nearest-
neighbor contributions, we thus find an approximate an-
alytical expression for rd by demanding Hj,j+1|rd = 0,
which yields
r
d
= aR
√
3 + cos(2anpi)√
2− a
√
3 + cos(2anpi)
, (3)
in excellent agreement with the numerical findings. In-
deed, in the thermodynamic limit R → ∞, a → 0, aR =
1
4 , rd tends to r∞ =
1
2
√
2
.
Beyond the crossing point, for r > rd, the curvature of
the band changes sign permanently (Fig. 2 (e)), implying
that the OP mode (Fig. 2 (a)) is now lower in frequency
than the CM mode. The width of the spectrum increases
again with increasing r until at r = rcr the frequency of
the OP mode at k = ±pi/∆s reaches zero (Fig. 2 (f)) and
crosses to the imaginary axis for r > rcr, indicating the
symmetric configuration becoming unstable due to the
pitchfork bifurcation shown in Fig. 1 (b). The condition
ω(k = ±pi/∆s)|rcr = 0 can also be tackled analytically,
giving an expression for rcr which shows that it indeed
tends to r∞ in the thermodynamic limit.
The almost full degeneracy of the linearization spec-
trum at rd implies a remarkable localization property in
the small amplitude dynamics, illustrated in Fig. 2 (g) -
(k). Here we explore the time evolution following a 1%
displacement of a single particle at site j0. Generically,
this initially localized excitation spreads over the whole
crystal, see e.g. (g) for the case of a ring. More precisely,
a cone structure emerges indicating a finite velocity at
which the excitation proliferates into the crystal. This
cone becomes narrower with decreasing bandwidth of the
spectrum, see (h), until at the point of near-degeneracy
and thus near-zero bandwidth (i) the cone closes and the
excitation no longer significantly spreads. This unique
dynamical feature indicates the presence of an effective
FIG. 2. (color online). (a) Sketch of the center of mass (CM,
k = 0) and the out of phase (OP, k = ± pi
∆s
) modes. (b)-(f)
Dispersion relation curves ω(k) for N = 60 and increasing r
corresponding to the points (1, 2, rd, 3, rcr) marked in Fig. 1
(c). For the same values of r, panels (g)-(k) present the time
evolution following an initial displacement of the particle at
j0 = 29 by 1% of the equilibrium distance ∆s. Colors encode
the displacement from equilibrium in units of ∆s.
screening of interactions at r = rd, enabling essentially
independent motion of the charged particles. We empha-
size that for this geometric configuration any small initial
excitation would maintain its shape for large times. Mov-
ing to larger radii r > rd, the degeneracy is lifted and the
bandwidth of the spectrum increases again, thus reopen-
ing the cone (Fig. 2 (j, k)).
Within the linearized equations, the initial dynamics of
the spreading can be linked to ω(k) also on a formal
level. The proliferation of the localized excitation can
be quantified by the variance S(t) =
∑
j j
2ej(t) − j20 ,
where we employ the local energy ej(t) at site j as intro-
duced in [28], with the time-independent normalization∑
j ej = 1. Then similar arguments as in [29] apply, lead-
ing to S(t) ∝ t2 ∫ dk|dωdk |2, assuming the crystal is large
enough to approximate a sum over k with an integral
over the first Brillouin zone. Consequently, the spread-
ing of an initially localized excitation is ballistic, with a
velocity determined by the square of the group velocity
integrated over all k. If dωdk is close to zero globally, i.e.
4the dispersion is almost flat, S(t) will grow only slowly
with time and the excitation will spread only on very
long time scales, which is what happens at rd.
Degeneracy point We now provide a geometrical inter-
pretation for the emergence of the degeneracy point rd in
the spectrum. To this end, let us examine the response
of the simplest system of N = 2 particles, at equilibrium,
confined on the toroidal helix to a single particle displace-
ment (Fig. 3). A slight counter-clockwise displacement
FIG. 3. (color online). Schematic illustration of the response
of a two particle system A,B to a single particle displacement
AA′ for the cases: (a) r = 0, (b) r < rd, (c) r = rd and (d) r >
rd. The total force F acting on particle B and its component
FT tangential to the toroidal helix are shown, whereas the
curved arrows indicate the directions of displacements.
of particle A towards the position A′ results in a force
acting on particle B. For the cases r = 0, r < rd (Fig.
3 (a),(b)), this force possesses a component tangential to
the confining manifold, causing a counter-clockwise ac-
celeration of particle B. At rd (Fig. 3 (c)), the geometry
is such that the displacement AA′ results in a force that
has no component tangential to the toroidal helix curve
at the equilibrium position of B and is therefore entirely
compensated by the constraint. Thus, the small ampli-
tude motion of particle B is effectively decoupled from
that of A. This simple geometric condition indeed leads
to the same value of rd as Eq. (3) for N = 2 . For r > rd
the force acting on B again attains a non-vanishing pro-
jection onto the tangential, but now oriented in the oppo-
site direction, causing a clockwise acceleration of particle
B, in line with the observed inversion of the dispersion
relations in this regime (Figs. 2 (e),(f)). For N > 2, the
geometry parameters can no longer be chosen such that
all forces acting on the other particles after displacing a
particular one are strictly compensated by the constraint.
Still, it can be seen that the tangential projection of the
force acting on particle j after particle i has been slightly
displaced is proportional to the Hessian matrix element
Hi,j . We have seen above that at rd all these Hi,j ≈ 0
for i 6= j. Thus, at the point of degeneracy, the geometry
is such that if a single particle is displaced, all resulting
force projections onto the local tangents where the other
particles sit are very small simultaneously, resulting in
the effective decoupling.
Conclusions We have shown that for charged particles
confined on a 1D toroidal helix, a linear to zig-zag-like
bifurcation occurs when increasing the radius of the he-
lix at commensurate fillings. Such kinds of bifurcations
are typical of Wigner crystals under harmonic trapping
[13, 14] and are attributed to the increment of dimen-
sionality from 1D to 3D. In our case, however, the single
particle configuration space remains always strictly 1D, a
fact that manifests itself in the way the critical value rcr
is reached. In particular, for the transition to occur, the
OP mode resulting in zig-zag deformations of the crys-
tal has to cross zero at rcr, in contrast to the ring limit
r = 0 where the OP mode has the largest frequency.
This necessarily implies an inversion of the dispersion re-
lation’s curvature when approaching rcr, as the reduced
dimensionality precludes a transverse branch which usu-
ally causes the bifurcation [14]. Notably, the deforma-
tion of the dispersion curve when increasing r towards
rcr passes through a point where all modes are essentially
degenerate and the dispersion is flat. For this particular
geometry of the constraint manifold, the (small ampli-
tude) dynamics of the particles is effectively decoupled,
allowing for localized excitations that do not spread into
the crystal. Such intriguing properties may be of interest
in phononics, regarding the properties of acoustic meta-
materials [30] and applications such as sound isolation
and cloaking [31] or even information storage [32]. Be-
yond these, the present setup offers multiple possibilities
to control the vibrational band structure, rendering it
an attractive device e.g. in the context of free-standing
helical nanostructures.
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